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Abstract

This note summarizes the transfer maps used in SAD code. Note
that this note is far from finished, and any comments for improving it
are highly appreciated.

1 General theories

1.1 Hamiltonian formalism][1, 2]

The Lagrangian for a charged particle of rest mass mg and charge q traveling
in an electromagnetic field with speed v is

02 R
L:—m062\/1——2—q¢—|—qv-A, (1)

where A is the electromagnetic vector potentlal and qb is the scalar potential
from which the electric and magnetic fields E and B are derived as

. A
E=-Vé— . (2)
B=VxA. (3)

First, let us consider a straight coordinate system (x,y, z) moving in the
z-direction. The canonical momentum from classical mechanics is defined as
oL

= (4)
0¢;

bi =



where the overdot denotes <

;- The Lorentz equation of motion

Using the Lagrangian Eq.(1), one gets
pi = mv; + qA;. (6)

The Hamiltonian H is derived from the Lagrangian Eq.(1) as
H = qipi — L(g,4,1). (7)

Inserting Eq.(1) in Eq. (7) gives

2 Moc?

moc -
H= VUgPx + VyDy + VD2 + —qu- A+ Q¢ = mv2 + - fymOCQ' (8)
Simplification of the above equation gives
5 Mo’ 2
H =mv"+ +q¢ = ymoc” + qo. (9)

One can see that the above Hamiltonian has the value of the total energy,
including the rest energy. In terms of p" and ff, the general form of the
Hamiltonian for a relativistic particle in an electromagnetic field in Cartesian
coordinatesis is

H= \/(ﬁ— gA)2c2 + mct + g0, (10)
where p'is the canonical momentum. In terms of the kinetic momentum and
the vector potential

P=P+qA (11)
The Hamilton equations of motion are obtained by
= — = , 12
=0 o (12)
) = = ——, 13
pi=— 90 (13)

and the conjugate phase-space coordinates are (x,p,), (y,py), and (z,p,).
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The Poisson bracket of any two dynamical variables f(q;, p;, t) and g(q;, pi, t)
is defined by

(999 f 9
f-91= Z (8% Opi Opi0qi) 14
The time derivative of f is
af  of af . of . of
——h L) =2 . 1
In particular, there is
dH OH
oot (16)

If H does not depend explicitly on time ¢, it is a constant of the motion. Any

invariant of the motion not containing t explicitly, has a vanishing Poisson
bracket with H.

1.2 Canonical transformations

There are four standard mixed-variable generating functions that can be used
to construct canonical transformations:

e Generating function of the first kind: F} = Fi(q,Q,t), pi = %—2, =
0 K =H-+2%
S

-2,

e Generating function of the second kind: Fy = Fy(q, P,t), p; = %%,
Qi=%2 K=H+ 2%

e Generating function of the third kind: Fy = F3(p,Q,t), ¢; = —%%,
Pi=—95 K—=H+ %

e Generating function of the fourth kind: F, = Fy(p, P,t), ¢; = —%5 L
Qi=5%%, K=H+ %L

1.3 Accelerator Hamiltonian

In this section, we follow S.Y. Lee’s (2nd edition) and H. Wiedemann’s (3rd
edition) textbooks [Note: The coordinate system used by SAD is the same



as Wiedemann’s textbook, different from that of Lee’s| to derive the Hamil-
tonian for an accelerator. The Hamiltonian Eq.(10) is expressed with time
t as the independent coordinate. Usually it is favorable to use the position
along the accelerator s as the independent coordinate.

Let 7(s) be the reference orbit, with s the arc length measured along the
closed orbit from a reference initial point. The tangent unit vector to the

closed orbit is given by
. dfo(S)

gs(s) - dS ' (17>

The unit vector perpendicular to the tangent vector is €,. With the third unit
binormal vector €,(s) = €s(s) x €,(s), they form an orthogonal coordinate
system moving along the trajectory of the reference particle at 7(s). It is
natural that (€,, €, €s) forms a right-handed orthonormal basis, and thre are
€s(s) = €x(s) x €,(s), and €,(s) = €,(s) x €(s). In accelerator physics, the
plane defined by vectors é,(s) and é(s) as the horizontal plane, and the
plane orthogonal to it as the vertical plane, parallel to €j(s). The changes in
vectors are determined by curvatures

de, . de, .
“0) () ama T ) (1)
des " "
di = — K€y — Ky€y (19)
where (kg, k) = (piz, i) are the curvatures in the horizontal and vertical

plane, respectively. In general, these parameters vary along the orbit position
s. The particle trajectory is then described by

m(2,y,s) = To(s) + x(s)€(s) + y(s)éy(s). (20)
With the above definitions, there is
dr' = édx + €,dy + he,ds, (21)

where
h =1+ Kop + Koyy- (22)

The velocity of the particle is given by

dr  ds

E = %(x/é'm + y/gy + hé;), (23)



dr ds
/2 /2 2 24
i —\r?+y?+h (24)
with

dx dy
/ /
r=—, and y = (25)

Consider a differential function f(z,y,s), we define the differential operator

V as
df = (Vf) - dr. (26)

We suppose that V f is given by
Vf = a,€; + ay€, + as€s, (27)
where a,, a,, and a, are the coefficients. From the definition of dr, we have
df = (az€y+ayey+as€y) - (€ dr + €,dy + heésds) = a,dr+ a,dy+hayds. (28)

On the other hand, df is given by the total derivative with respect to (x,y, s),

e.g.
of of of
df = o —dx +ayd Y+ s ds. (29)
Then, there are
_of _of _10f

Ay = =—, Gy = 3-, as=——.
ox’ Y% h Os
Consequently, the gradient of the function f is given by

84 84 10f

895 8 (30)

The divergence for a vector A=A, + Aye, + Ase; is given by

- 0 L0 .10 . - -
V- A= (61% + eya—y + 65%%) . (Azex ‘|—Ay6y + As€s>
1 [0(hRA;) O(hA 0A;
:ﬁ{ (hds) | O(hdy) ]

ox dy ds (31)




The curl of a vector A is

J(hAjy) _ 04, L1 [0(Ay)  O(hAy)
VXA—emh[ oy 85}—’_%%{ Os Oz
L (0A, O0A,
The Laplacian for a scalar function is given by
Vif=V-(Vf)
1|0 af 0 of 0 (10f
h [&E (h&v) * dy (h(?y) T o (h 85)} ' (33)

The Laplacian for a vector A in the Frenet-Serret coordinate system is defined
by

VZA=V(V-A) =V x (VxA), (34)
which gives
0 [10(hA,) 10 [ 0A 10 (10A
(V24). = (‘h{h Ox ]+hay( 8y>+hﬁs(h 03)
2 oA A0 (Loh A, )
" h2p, Os h 0s \ hOx h2pypy
— 10 0A 0 [10(hA,) 10 (104,
24, = - — i’} i Sl 4 i
(VA h@x(ha >+8y [h dy }+ha (h as)
2 0A, A0 (10n\ A, (36)
h%p, Os h ds \ hox h2p.py’
- 0 [10(hAs) 0 [10(hAs) 1 [(10A
2A), = — |- 4 = 22 o (=
(V-4)s Ox {h Ox }—i_@y {h dy +h h 0Os

n 2 8AI+A:E8 10h 2 0A, A, 0 (10h (37)
h2p, Os h 9s \ h oz h%p, 0Os h 9s \hoy )"
To derive the equation of motion in the Frenet-Serret coordinate system,
we tentatively rewrite the Hamiltonian Eq.(10) in Cartesian coordinate sys-

tem as

H(X,Y,Z, Py, Pr, Pit) =\ (P — qA + m3c' + g6, (39)
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with the canonical variables (X, Px,Y, Py, Z, Pz). To find the canonical
transformation to (x,y, s, P, Py, Ps), we perform a canonical transformation
by using the generating function

Fs(z,y,s, Px, Px, Px;t) = -P. [70(s) + we,(s) + yey(s)], (39)

where P is the canonical momentum in the Cartesian coordinate system.
The conjugate momenta for the coordinates (z,y, s) are

OF3 _
0= =L, 40
b ox € (40)
OF3 o
=-——-=P-¢ 41
Py ay v ( )
OF3 o
s:__:hP'_’S, 49
P 0s € (42)
The new Hamiltonian becomes
OF.
Hl(xaya Sapxapyvps;t) =H+ 8_253

1
= C\/(px = qA)? + (py — aAy)? + 5 (05 — 4A)? +mge® + g0, (43)
where A,, A, and A, are obtained by
A,=A-&, Aj=A-&, A,=hA e, (44)

Note that the choice of above definitions are so-called “coordinate basis” (Ref.
T. Agoh’s PhD thesis). When one adopts the “natural basis”, the choice is
A, = A €, Ay = A. €y, As = A €s. In the new coordinate system the
Hamilton equations are

dr  OH, . dp, OH,
T op, Pe ="t Ox’ (45)
. dy 8H1 . dpy 8H1
Y op,’ Py = " Osy’ (46)
ds 8H1 . dps a11—_11
= — = = = ——. 4
T ops’ Ps = "t Os (47)



The next step is to replace the independent varial time ¢ by orbit distance s.
From the above equations, it is trivial to find

2 = d_.%‘ _ ﬁ _ a]——,1 8]_—Il - _ a(_ps> (48)
ds % apz 8ps apa: ,
, _dp, _dp, (ds\ ' _ Op,
= = — = 4
Pe =05 =t (dt) oz’ (49)
I d_y o @ @ - o % a]¥1 - o a<_ps> (50)
Y= Us — dt \dt ~ Op, \ Ops - Op,
,_dpy dpy (ds ! _ Ops
Pv="%s —at \at) ~ oy (51)
, dt  Op, ,  dH Ips
ds  OH,’ bods ot (52)

Note that the fact of dH; = %dpr + %—ildps = 0 and similar relations are
used for obtaining the above equations. These equations are the Hamilton
equations of motion with s as the independent variable, and —p, as the new
Hamiltonian. The corresponding conjugate phase-space coordinates are in
pairs given by (z, p.), (y,py), and (¢, —H;). Now we have a new Hamiltonian

defined by

HQ(:C’ Y, tvp:vapya _H17 S) = —Ds

i = (o, — aA = e — A, (53)

c2

The total energy and kinetic momentum of the particle are £ = H; — q¢ and
p=+/E?/c2 —mc.

The canonical variable pair (¢, —H;) is not very convenient to use.

1.4 Basic theory of magnetic field

This section gives a brief description of the basic theory of magnetic field in
accelerators by referring Ref. [5]. Usually a two dimensional description is
valid for most of the magnet, except at the ends. The multipole expansion



of complex magnetic field B (z) in terms of the normal and skew compoents,
in U.S. convention, is

B(2) = By +iB, = Y [B, +iA,] < R’;)n , (54)

n=0

with z = 2 + iy = re?. The parameter R,.; is an arbitrary reference radius,
typically chosen to be 50-70% of the magnet aperture. The coefficients in
the above equation are defined as

vef (O"B
B, - (O8] (55)
: z=0;y=0
;r"le anBZ
L= n|f ( T ) . (56)
: z=0;y=0

According to the U.S. convention, n = 0 indicates dipole field. The magnet
field is also written as

‘ ) » P n
By + ZBx = Bref ; [bn + Zan] (Rref) ) (57>
with
B A
bn - o yan = = :
B’/‘ef Bref

In SAD, the normal component is defined as

B™ [,
K, = . 58
) (58)

Then the relation of K,, and b,, can be found as

Bp R:Lef

b, = n-
BrefL n!

(59)



1.5 Magnetic field in Frenet-Serret coordinate system

1.6 Accelerator coordinate system in SAD

2 Maps for particle tracking

In SAD source codes, the subroutines for particle tracking are tbend.f, tquad.f,
tdrift.f, etc.. They are called by the tturn.f file. For initializing the input pa-
rameters for these subroutines, the relevant source files are: initbl.f, tpara.f,
etc..

General formula for the dimensionless Hamiltonian:

E T Y
H(:L‘ypxay7py7zﬂp) = POU() - (1 + p_ + p_)\/p2 - (px - AJ3)2 - (py - AZ/>2
£ y

1+ 2+ DA, (60)

€z Y

where P, and vy are respectively the momentum and velocity of a reference
synchronous particle. p is the magnitude of the normalized momentum of a

particle. p, = P,/ POAand py =B, /Py arg the ngrmahzed canonlcal conjugate
A _ g _ As _ 94y _ Ay _ _ As
momenta. A, = = B Ay = B = & and A, = 55 are

the components of the dimensionless vector potential. ¢ is the charge of
the particle. A,, A,, and A, are components of the vector potential in the
Frenet-Serret coordinate system. p, and p, are the radii of curvature in x

and y directions, respectively. For electron, ¢ = —e(?).
For a quadrupole, there is A= (A, Ay, A) = (0,0, 3B1(y? — 2?)) with
= 0B,/0x. Then K, = g1 = e]];?.

For a solenoid, there is B = (0,0, By), and A= (Ag, Ay, As) = (—3Bsy, £ Bz, 0).

2.1 Map for DRIFT
Variables used in a DRIFT element:

e [: The element length

e RADIUS: Radius of the vacuum chamber. Effective when SPAC is ON.
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2.1.1 Pure drift

Hamiltonian for a pure drift in SAD:

H('r?pZ?yupyaZ’é) = - pz_p:%_pz (61>

Povg

withp = P/Py=1+96, p, = P,/Py, py = P,/ Py. E = \/P202 + (moc?)? =
is the particle’s total energy. Note that Eq.(61) is consistent with that used
in Ohmi’s SCTR code, but different from that defined in the SAD manual.
Equation (61) can be rewritten as

1 moc? P —
H<:U7pzayapy7 275) = U_O\/p202 + ( ]go )2 - p2 _p:2c _pg (62>

Note that Py = yomqvg, E2 = Pic* + mic'. In SAD, vy is defined as

:P002 _ PQC (63)

In the SAD sources, there is definition mass = myc.

Comment 1: I don’t understand why the term of % in Eq.(61) has the
minus sign in the SAD manual.

Comment 2: The global variable “MOMENTUM?” in SAD is defined as
Py = yomovoc = Boyomoc’.

From Eq.(62), one can derive the map as following

OH 0z  OH dx OH

Vo

—H:L,., _ . __ HL = — L — = L 4
ey = r— [HLa] =x - LGt = SE Tt =n L (60
_H: OH 0y OH 0y OH
e ily =y —[HLy| =y — L(——=%* — — )=y + L—, 65
y=y—[HLy =y (8y oy Oy 8y) vy, (65)
OH 0z OH 0z 0H
—H:L_, _  _ HL = J(—— — ——) = L——.
e rm e LA = - LG g T by (66)
The relevant maps from the above equations are

Ty = 1 +
\/p2 —Pil _pzl

11



Pz2 = Pzl (68)

pyl

Y2 =Y+ L (69)
\/p2 - pgzgl - pzl
DPy2 = Py1 (70)
Z9 = 21— —Zl—|—(1— UO_UL

wp—mlpm N e Yo
(71

The above equations are consistent with the maps used in file tdrift.f. Note
that, in SAD, Av = dv = 2= is defined in the file tconvm.f for tracking, and
is deﬁned in tsetdv.f for emlttance calculation. In the file tconvm.f, there is

g(1+py)
hl (h‘l + prhO)

with dvfs = FSHIFT, g = 4, p. = 1+ 6, hy = /1 +p3(1+8)?, hy =

V1 +p5. With pg = Py/(moc) = 222 p, = 140 = WZZO, and vy = /1 —v%/c2,

one can find hy = v, hg = 7, and Av = 2=

vg

dv = — +dvfs (72)

2.1.2 Drift with B, #0
Hamiltonian for a drift with B, # 0 in SAD:

E 1 1
— 2 _ _ 2 _ _ 2
povo \/ (px + 2bzy) (py 2bzm) (73)

H(x,ps,y, Dy, 2,0) =

with b, = eBz . Note that the sign of b, is different from that in Ohmi’s SCTR
code.

Question: Should e take value of the charge, e.g. positive for positron,
and negative for electron?

The relevant maps used in SAD:

o — 21 4 (1+ (Z) sinqbpm (1+ 5)(; — cos @)

py’ia (74>
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(1+ 6)(11) — cos ¢)pm- N (1+ (g) sin ¢

@ + pyi sin ¢ b
22 = Pqgi COS i SIN Q — ———— 1Yo,
p 2 p py 2(1+5)y2

Yo =UY1 — Pyi;

b,
2(1+90)

\/1_1’21‘_19;2;2'_1
—Av| L
/ 2 2
1_pxi_pyi

b.L

(1 +5)\/ 1 _pii _pzi
bzyl

2(1+9)’

o - bzl‘l

pyz —pyl 2(1 —}-6),

Vg — VU

Py2 = —Dai SIN @ + Py; COS P + T,

2o =21+

with

o=

Pzi = P21 +

Av =

Vo

2.1.3 Drift with B, #0, Ky # 0, and SKy # 0

This case can be handled by SAD, but the relevant maps are skipped here.

2.2 Map for BEND
Variables used in a BEND element:

e AE1: The absolute face angle at the entrance. The effective face angle is
E1 * ANGLE + AEI, and a positive angle at the entrance corresponds

to a surface with dx/ds > 0.

e AE2: The absolute face-angle at the exit to the bending angle. The
effective face angle is E2 * ANGLE + AE2, and a positive angle at the

exit corresponds to a surface with dx/ds < 0.
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ANGLE: The bending angle. If positive, it bends the orbit in x-s plane
toward negative-x-direction. ANGLE determines the geometry of the
beam line, while KO represents a dipole kick on top of the bending
angle given by ANGLE; i.e., the total deflection of the beam is given
of ANGLE + KO.

DISFRIN: If nonzero, the nonlinear Maxwellian fringe (hard-edge fringe
model) is suppressed.

DISRAD: If nonzero, the synchrotron radiation in the particle-tracking
is inhibited.

DROTATE: Additional rotation in x-y plane to simulate a rotation
error. DROTATE does not afgfect the geometry of the ring.

DX: Horizontal displacement of magnet. This applied before the rota-
tion by ROTATE.

DY: Vertical displacement of magnet. This applied before the rotation
by ROTATE.

E1: The ratio of the face-angle at the entrance to the bending angle.
The effective face angle is E1 * ANGLE + AE1, and a positive angle at
the entrance corresponds to a surface with dx/ds > 0. For example, a
symmetrically-placed rectangular magnet has E1 = 0.5 and E2 = 0.5.

E2: The ratio of the face-angle at the exit to the bending angle. The
effective face angle is E2 * ANGLE + AE2, and a positive angle at
the exit corresponds to a surface with dx/ds < 0. For example, a
symmetrically-placed rectangular magnet has E1 = 0.5 and E2 = 0.5.

F1: Length of the slope of the field at the edge. For the soft-edge fringe
effects, only the effects up to y* in Hamiltonian are taken into account.
More rigorous definition is

F1=6 / joooo ds (B%(OS) - ngs)) : (83)

where integration is done over one fringe. This soft fringe also changes
the path length in the body of the bend. To maintain the geometric
position of the design orbit, i.e., one has to increase the bend field a
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little bit to keep the orbit unchanged. Unlike a quadrupole, the effect
of linear fringe is always applied at both the entrance and the exit,
otherwise one cannot obtain a circular design orbit.

e FB1: F1 at the entrance. Actually F1 + FBI1 is used at the entrance.
e FB2: F1 at the exit. Actually F1 + FB2 is used at the exit.

e FRINGE: When FRINGE is non-zero, the effect of the linear fringe F1
is taken into account both at the entrance and the exit.

e K0: The normal 2-pole magnetic field component (times the length L).
It is defined as

BOL
KO0 = 84
By (84)
where L is the length of the component. Positive sign means horizontal

focusing.

e K1: The normal 4-pole magnetic field component (times the length L).
It is defined as

BWL
K1 = 85
By (85)
where L is the length of the component. Positive sign means horizontal

focusing.
e L: Length along the arc of the orbit.

e ROTATE: Rotation in x-y plane. After displacing the magnet by DX
and DY, rotate the magnet around the local s-axis by an amount given
by ROTATE, then place the component. At the exit rotate back the
magnet around the local s-axis at the exit, then take out displacement.

The transformation of a bend depends on the value of K1. If K1 # 0, the
transformation map is defined in the source file thendi.f. If K1 is zero, it is
a series of transformations as following defined in the source file thend.f.

e Step 1: Kick due to rotation error:
Pz2 = Pr1 + A¢m7 (86)
Py2 = Dy1 + A¢ya (87)
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where A¢, and A¢, are rotation errors of the magnet in horizontal
and vertical directions, respectively. Those parameters are defined in
source file tpara.f as following

A¢, = ANGLE - sin® (W) , (88)
ANGLE
A¢p, = ———— - sin(DROTATE). (89)
Step 2: Drift to the entrance face:
Ty
Ty = - , 90
= Conl@n) = ) P o) (80)
Doz = Da1€0s(11) + paasin(ir ), (91)
Yo =Y1 + %%Sin(%)a (92)
z1
1+6 .
Zg =21 — Tosin(vy ), (93)
P21
with
P21 = \/(1 + 51)2 - pgl - p?;lv (94>

where ¥y = ANGLE x E1 4+ AE1, and ¢; is the momentum deviation at
position 1.

Step 3: Soft-edge fringe at entrance face (Based on tbend.f.):

)
To =21+ 1 —|—1§ Az, (95)
1
Ay rl Ay ra y2
Py2 = Dy1 + A 11 T 51f ! 1y1> (96)
Ayfrl - Ayfraly%/Q 2
= —=A r1Px —A 15
o =2t e + ditae T Am (97)
where )
FB1
FB1
Ayfrl = 6_,02’ (99)
b



2

Ayf?"al - BFBlpg; (100)

AZfrl = AZL’le : sin(l/q). (101)
L?

(102)

= ANGLE + K0’

L' (ANGLE Fl)%sin((ANGLE(l — El1 - E2) — AE1 — AE2)/2)

241, sin(ANGLE/2) '
(103)

Note that L’ is defined in the source file tpara.f (comment: There is

discrepancy between teh source code and the above equation!). When

ANGLE=0, there is L’=L. The relevant map is ¢/* with generating

function

FB1? § FB1 3 1 y
f= Pe— 5 5 : (104)
24py 1+ 6 12p;14+0  6p;FB11+0
e Step 4: Maxwellian hard-edge fringe at entrance:
1—92/p2/12)(1 +6)?
o m i g L RLAND0 40 0s)
2pp [(146)% — p]
1—yi/py/6)y
Py2 = Py1 — Pa1 ( 1/pb2/ ) 12 ) (106>
po/ (1 40)* = py
1—92/p2/12)(1 + 6)p,
20 = 2 _y%( yl/pb/ )( 5 3)/]; 1. (107>
2pp [(1 4 0)% — p]
The map is e/ with gerating function
(1 = )y2p:r:
f=——a (108)

2007/ P — P2
e Step 5: Body of bend:

Dz2 = _P [sin(t)g) + sin(Q + ©1)] + p.1sin(Q) + pricos(2) — ﬂsin(Q),
b

(109) ”
xo = 21€08(Q)+pp [Pr2 — P21€08(2) + prasin(Q)]+po [cos(Q + Y1) — cos(is)] ,
(110)

17



y2:y1+—§y1 —s, (111)
\/ b1 — pyl
2o =21 — P ﬂL’, (112)
\/P% - pf,l vo
where
v (113)
70 = ANGLE’

— arcsin

s = pprANGLE arcsin(L) (L) +Qf.
\/PE— P \/ P — Pyo
(115)

v0 is the velocity of the on-momentum particle. v1 is the velocity of
the particle being tracked at position 1.

e Step 6: Maxwellian hard-edge fringe at exit:

(1 —wi/pp/12)(1 + 6)*

2
To = 1x1 — Ui , (116)
20, [(1+0)2 — p2,]*/*
yi(1—yi/p;/6)
Py2 = DPy1 + Pa1 , (117)
o pp/ (1 40)% — p2,
a2(1—y2/02/12)(1 + 6
22221+p 1y1( yl/pb/ 2(3/2 ) (118)
20 [(146)* — p74]
e Step 7: Soft-edge fringe at exit face:
A i (119)
To =21 — AT 90—,
2 1 fr27 5
1 2
Py2 = Py1 + 1—+5(Ayfr2 — AYfra2yi) 1, (120)
1 A 1 A A 2 2
Zo =21+ m — AL froPr1 + 5( Y2 — AYpra2yi [2)yi | — Azppa,

(121)
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where

FB2?
AL g = ——, 122
T = o (122)
FB2
Ayprr = —= 123
Aypras = —— (124)
Yira2 = 3pB2p2
Azprg = A fg - sin(1hg). (125)
The relevant map is e/ with generating function
FB2? ¢ FB2 42 1 vt
f=- —DPr— 153 + — : (126)
24pp, 1+6 12p;146  6p;FB2146
e Step 8: Drift from the exit face:
Pa2 = P21€08(a) + paisin(i), (127)
x9 = x1 |cos(12) + zw sin() | , (128)
22
- Py2 .
Y2 =14 + p—$1sm(¢2), (129)
22
149
Zp =21 — i z18in(¢s), (130)
D22
where
1y = ANGLE - E2 + AE2, (131)
per = cos()y/ (1 +0) — 2y — s+ persin(n). (132)
e Step 9: Kick due to rotation error:
Pz2 = Pz1 + A¢m> (133)
Py2 = Dy1 + A¢y (134)

If K1 is nonzero, the effects from E1 and E2 are approximated by thin
quadrupoles. Then the body is subdivided into 1 + floor(sqrt(abs(K1 L’) /(12
10~-5 EPS))) pieces (EPS = 1 is used when EPS = 0), and the bend-body
transformation above is done for each piece and the kick from K1 is applied
alternatively.

In FFS optics and Emittance calculations, or when the synchrotron radi-
ation is turned on, the same algorithm as K1 # 0 is applied.
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2.3 Map for SOL

Unlike other elements, SOL elements inserted at boundaries or of a solenoid
or at where the field changes. Between SOL elements DRIFT, BEND (straight
bend only), QUAD, and MULT elements can be inserted. The longitudinal
field of the solenoid overlaps on those elements.

In a SOL region, the coordinate is shifted on the axis of the solenoid, no
matter how the design orbit bends there. The x-direction of the coordinate
in a solenoid is so chosen as to CHI3 = 0. At the exit of a solenoid, the
coordinate is shifted back to the design orbit, but the value of CHI3 is so
determined as to set CHI3 zero at the nearest MARK element which has
GEO = 1 after the exit. The offset and orientation of the design orbit can
be given by keywords DX, DY, DPX, DPY at a SOL element with GEO =
1.

SOL can be used to shift the coordinate to the actual orbit even without
BZ. Tt is useful to define the coordinate with magnets with DX and DY.

Variables used in a SOL element:

e BOUND: BOUND = 1 must be given at both sides of the boundaries
of a solenoid, otherwise SOL only specifies the change of BZ.

e BZ: The longitudinal field of a solenoid. If a SOL is used with BOUND
= 0 (default), only BZ is used to change the field, and no coordinate
transformation is applied.

e DISFRIN: Disables the nonlinear fringe of solenoid if nonzero. The
default is 0. The transformation for the nonlinear fringe is expressed
by exp(:H:) with

B,

H=—"Z—pspr, 135
B (135)
where
Ps = TPy — YPu, (136)
Dr = TPy + YDy, (137>
whose canonical partners are
¢ = arctan <y> : (138)
x
1 2 .2
r= éln(aj +y°), (139)
respectively.
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e DX: An x-offset of the design ORBIT relative to the solenoid center at
SOL with GEO = 1.

e DY: A y-offset of the design ORBIT relative to the solenoid center at
SOL with GEO = 1.

e F1: The length of fringe of the solenoide field. It affects only the
EMITTANCE calculation. If F1 = 0 (default), no radiation arises at
the fringe.

e GEO: One of boundaries (with GEO = 1) of a solenoid must have GEO
= 1 to specify the alignment of the design orbit. At a SOL element
with GEO = 1, the design orbit is determined by DX, DY, DPX, DPY
parameters.

2.4 Map for MULT

This section discusses the maps for MULT elements in SAD. Actually, the
detailed maps for MULT are quite complicated. For simplification, we only
formulate the maps used in SuperKEKB lattices.

Keywords for MULT element:

L DX DY DZ CHI1 CHI2 ROTATE(=CHI3) K0..K21 SK0..SK21

DISFRIN F1 F2 FRINGE DISRAD EPS VOLT HARM PHI DPHI FREQ

RADIUS ANGLE E1 E2 AE1 AE2 DROTATE

The definitions of these keywords are described in the SAD manual.

In the SAD sources, the file tmulti.f contains the subroutine for tracking
through a MULT elements. The input variables of subroutine tmulti include:

e np=NP: The number of macro-particles.

e (x, px,Vy, Dy, 7, g): Coordinate lists of the macro-particles. g=dp/p0=(p-p0),/p0.

e (dv,pz): dv=(v-v0)/c, pz=sqrt(p*-px>-py?).

l: Integer number, indicating the type of element or position of the
element along the beam line(?)

al=L: Length of element
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ak: Strength of magnetic fields. ak,=K,+iSK,, with K,, and SK,
the normal and skew 2(n+1)-pole magnetic field component (times the
length L), respectively. K, = B™L/(Bp), SK,=B™L/(Bp) with RO-
TATE = (90/(n+1)) DEG. 0<n<21.

bz=BZ: The longitudinal field of a solenoid. Note that BZ is not a
keyword of a MULT element. But its value is transferred from the
previous SOL element if nonzero is defined.

phia=ANGLE: The bending angle.

(psil, psi2)=(AE1l, AE2): AEl is the absolute face angle at the en-
trance. AE2 is the absolute face-angle at the exit to the bending angle

(dx, dy, dz, chil, chi2, theta, dtheta)=(DX, DY, DZ, CHI1, CHI2,
ROTATE, DROTATE): Misalignment of the element. dx, dy, and dz
are horizontal, vetical, and longitudinal displacement of the magnet,
respectively. The displacements are applied before the rotation by RO-
TATE. chil, chi2, and chi3=theta(=ROTATE) are the rotation angles
around x-, y-, and z-axis, respectively.

eps0=EPS: Variable for determining the number of slices used in track-
ing through the element.

enarad=DISRAD: Flag for synchrotron radiation, default value=0. If
nonzero, the synchrotron radiation in the particle-tracking is inhibited.

fringe=DISFRIN: flag for nonlinear maxwellian fringe fields, default
value=0. If nonzero, the nonlinear maxwellian fringe is suppressed.

(f1, £2): Parameters to characterize the slope of the quadrupole field at
the edges, calculated from F1 and F2. Detailed formula for f1 and {2
are given in the following.

mfring=FRINGE: The effects of the linear fringe (characterized by F1
and F2), optional values=0, 1, 2, or 3.

(fb1, tb2): F1 and F2 for the dipole magnet.
(ve, harm, phirf, freq, dphirf)=(VOLT HARM PHI FREQ DPHI): Pa-
rameters for RF cavity. Usually not used for MULT elements.
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o radius=RADIUS: Radius of the vacuum chamber. Effective when SPAC
is ON.

e kptbl: It is a table to assign particles of the original order. The arrays
x(1), px(i) always contain living particles up to np. When i-th particle
is lost during a tracking, x(i),.. are replaced by x(np) and np is de-
creased by 1. Thus the order of x() is no longer equal to the original
order. To recover the original order, kptbl keeps it as well as the reverse
information.

Truths for the MULT elements defined in SuperKEKB lattices:

e ANGLE=0 for all MULT components. Consequently, the subroutine
tmulta (defined in file tmulta.f) is not used in tracking through MULT
elements.

e AE1=0, AE2=0, DROTATE=0, DX=0, DZ=0, F2=0, VOLT=0, HARM=0,
PHI=0, DPHI=0, CHI1=0, and CHI2=0 for all MULT components.

e DY#0, ROTATE=#0, K0#£0, and K140 for QC* elements.
e K1=0, and ROTATE=0 for all EC* elements.

e DISRAD=0 for all MULT components by default. If one wants to
tracking through the MULT elments without synchrotron radiation, he
needs to use NORAD flag to turn SR off.

e BZ=£0 if the previous element is defined as SOL. In SAD, the BZ from
SOL element is transferred to the following MULT.

Considering the above truths, the equations of motion for particle in MULT
elements can be described as the following steps with L0:

e Step 1: Map for solenoid fringe at the entrance.

The equations of motion are:

Ty = 11 — d, (140)
Y2 =y — dy, (141)
1
D2 = Pa1 + §Bzdya (142>
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1
py2 - pyl - EBzd:E, (143)

with B, =bz, dv =dx=DX, and dy =dy=DY, p, = P,/ P, p, = P,/ .
The subtraction of closed orbit indicates that we are looking at the
particles from the center of the solenoid magnet.

Step 2: Rotation of particle coordinates at the entrance. This step is
only for convenience of computations, and is irrelevant to the physics
of particle motions.

First we define the rotation angle as

(

%a ctan ngl) if K; >0,
% arctan S[fll +7m| if Ky<0,5K; >0,

0, = % arctan 511?11 -7 if Ky <0,5K; <0, (144)
7 if Ky =0,5K; >0,

(-2 if K1 =0,8K, <0

with SK; # 0 and the arctan function defined in the range of (—7/2, 7/2).
If SK; =0, then we define ; = 0. Here SK;=SK1 and K;=KI1.

Next we define

with # =ROTATE=CHI3. If 65 # 0, then do the following transforma-

tions:

(146)

Yo = x1 sin(f2) + y; cos(ha), (147)
P2 = Pa1 €08(62) — py1sin(6s), (148)
Py2 = Pa18in(62) + py1 cos(6y), (149)

X9 = xq1 cos(fy) — yy sin(fs),

with p, = P,/Fy, p, = P,/FPy. With rotation of particle coordinates,
the effective field components felt by the particles also change. The
effective field components are stored in akr(0:nmult) with nmult=21.
Define

cry = cos(6y) — isin(6,), (150)
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there are

akr(0) = cryak(0), (151)
akr(1) =0 if nmmaz =0, (152)
akr(n) = crittak(n) with n = 1, nmmaz, (153)

where nmmax is the maximum order of the MULT element’s field com-
ponents. Note that akr(1)=|ak(1)| with the above definition. It indi-
cates that the skew-quadrupole component is eliminated. And without
skew-quadrupole component, the analytic map used in tsolqu.f will be
significantly simplified.

e Step 3: Determine the number of slices ndiv when tracking through a
MULT element. The source codes are:
ndiv=1
do n=2, nmmax
ndiv=max(ndiv, int(sqrt(ampmax™**(n-1)/6.d0/fact(n-1) /eps*abs(akr(n))*al))+1)
enddo
ndiv=min(ndivmax,ndiv)

Here ampmax=0.05 m is the maximum aperture radius. fact(n-1)=(n-1)!
is the factorial of n-1. In practice, the total number of slices is equal
to ndiv+1. The first and last slices have length of L/ndiv/2, the other
ndiv-1 slices have length of L /ndiv.

e Step 4: Map for nonlinear Maxwellian fringe field at the entrance.

It is assumed that L > 0, otherwise there is no need to execute this step.
Suppose that K, and SK, are the normal and skew 2(n+1)-pole magnetic
field components. B, is the longitudinal magnetic field. Then we define

—L_arctan (SK—IZ"> , if K,#0 and SK, #0,

n+1
0 =10, if K,#0 and SK,=0, (154)
2(++1), if K,=0 and SK, #0,
and
VE2+SKZ, if K,#0 and SK, #0,
Kon = K, if K,#0 and SK, =0, (155)
SK,, if K,=0 and SK, #0.
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If 6 = 0, we first rotate the particle coordinates by

Ty = 11 cosf — y; sin b, (156)
Yo = x18in 6 + y; cos b, (157)
Dz2 = Dg1 €O 0 — pyy1sin b, (158)
Py2 = Pa1 SN0 + pyy cos b, (159)

With the above rotation, the particle only feels a kick from the normal com-
ponent, and the skew-component is terminated. [Q: Why not remove the
normal term? According to E. Forest, the maps for skew component is more
simple.|

SAD uses the second-order implicit generating function to construct the
map for the nonlinear Maxwellian fringe field of quadrupole (n = 1). The
implicit scheme gives the general formulae for the transformation of coordi-
nates:

PH O OH 0°H ]
g+ 22 L 160
¢ Z [3% Op; Op; 6‘% 0p;Op; (160)
OPH O _OH 0°H ]
P = = 161
P Z [aqzaq] 55, " 9q, 0005, (161)

with ¢ = (z,9,2), p = (pz Pys9), and Hamiltonian H = H(q,p). For higher-
order components (n > 2), SAD uses the first-order implicit scheme

_— oH
7 =qi+ g5 162
_ o om (162)
Pi =DPi + Gy

The case of dipole (n = 0) is special and is treated separately.

With orders of n from 0 to n,,,,, the maps are summarized as following.
Note that the maps are executed in particle tracking by the order of following
descriptions.

Quadrupole component with n =1 and B, = 0: The hamiltonian for the
fringe field of a normal quadrupole is|3, 4]

Kal

— m[(:ﬁ’ + 35”?/2)1% _ (y3 + 3$2y)py]. (163)

Applying the above Hamiltonian to Egs. (160)and (161), the map is obtained
as

To =11 + Axq, (164)
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Yo = y1 + Ay,

1
P2 = ?(fyp:vl + hpy),

1
Py2 = }(fxpyl - hpa:l)a

29 = 21 — 1pi25(Am1 + txl) — lp—fa(Ayl + tyl),
with K a2 o
A — alajl alyl
nen [12L(1 +8) T AL+ ']
Kalx% Kaly%
Ay, = — _
Nr="h [4L(1+6) 12L(1 + 0) aE
fog g eet | Kagt | Kh(ed - )50t - o)
@ AL(1+6) " 4L(1+9) 96L2(1 + 6)?
fo—1— Kari  Kayi | Kg(af — i) (af = 5y7)
y AL(1+6) 4L(1+0) 96L2(1 + 6)2

_ Kamy [ Ka(2] —yf)
2L(1 +9) 12L(1 +6)
f = f:r:fy + hza
. K31(33% - y%)2

t = .
96L%(1 + 0)?

Quadrupole component with n =1 and B, # 0: The map is

To =21 + Al‘l,

Y2 = y1 + Ay,
BZ
Pra = Pa1 + 792;
BZ
Pya = Py1 — 71‘2,
Pz2 = %(fypxa + hpya) - %yla

z
— 1,

1
DPy2 = ?(fxpya - hpz‘a) + D)
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(173)
(174)
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(176)
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(179)
(180)
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1p—T—25 (Azy +tzy) — 1p—_iy_25(Ay1 + tyr), (182)

with Azq, Ay, fo, fy, b, f, and ¢ defined as the same as those of B, = 0.
[Q: How to derive the above equations?)

Dipole component with n = 0: The Hamiltonian for the fringe field of a
normal dipole is

2o = 21 —

H = - 183
2(1+0)" (183)
The corresponding map calculated from Eq.(162) is

KaO 2
= - 184
T2 I'1+ L(l"—é)yl’ ( )

K,
Py2 = Py1 — L(l—_fé)ylpmla (185)
2

2 = 21 Raott (186)

TOL(1 402
A different form of the hamiltonian for the fringe field of a normal dipole
is|?]
ko
8(1+9)
Note that the above Hamiltonian given by Cai and Nosochkov is different

from that by Forest and that in SAD. The corresponding map calculated
from Eq.(162) is

(2°pe — 22ypy + 3Y°ps). (187)

KaO

Ty = 1 + m(ﬁ +3y7), (188)

Y2 = Y1 — M/(Il(—a_(i_é)ﬂﬁlyh (189)

Da2 = 2 [pml + %(ylpyl - 901]%:1)] 5 (190)
Dy2 = é [pyl + %(ﬂflpyl - 3y1px1)} ; (191)
= 2y Koo(27 + 3y7) Koor1y1 (192)

SL(1+0)2 V7 4L(1 +6)2P
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with ) ) )
Kao(g?h - xl)

d=1 . 193
621+ 0)2 (193)
Sextupole component with n = 2: The map is
2o =21 — mRe[cacpl], (194)
xe = Relep], (195)
y2 = Im[c,], (196)
P22 = Relcp], (197)
Py2 = —Im[cp], (198)
with
Cx = T1 + Y11, (199)
Cp = Pa1 — Pyit, (200)
Coi=C, =, (201)
Kaghn[cz]
= —= 202
‘T RLaro) (202)
KaZC:c (}ch - @)
= — 2

Ca 24L(1+0) (203)
Cr1 = Cp + Cq, (204)

K2, (Im[c,]? + Relc.|?)
d=1+a>— —2 & z 205
T 64L2(1 +0)2 (205)

1 . Ka2czlcp_ca:

=—|(1 - — 206
Cp1 = 5 {( +ia)c, SL +5)} , (206)

where the over-line indicates a complex conjugate, and the symbols Re[] and

Im[] denote the real and imaginary part of a variable, respectely.
Higher-order component with n > 2: The general formula for the Hamil-

tonian for the hard-edge fringe field of a normal multipole component is[4|

i(n+3)
n+1

K
H = an - \n+1

(207)

(zpy — ym))] :
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With some manipulations, the above equation can be re-written as

KCLTL

H =
4(1+0)L(n+1)!
1 o \n+1
X §($px + Ypy — i:L’py + ’Lypx) (_% + (.T — iy)”“)

1 . . - r —iy)"
+§(wpx+ypy+wpy — iYps) ((mﬂy) n_ n—l—)2 )] '
Kan

41+ 0)L(n+1)

! (G+G), (208)

with

(z + iy)" ™!

g T (v — iy)"+1) . (209)

1 ‘ .
G = 5(:% + ypy — ixpy + 1Ypy) (—

One can see that, with n = 1, Eq.(207) and (208) reproduce Eq.(163). Using
the coordinate transformation of

u=2x+1y,
v = :1:'1— 1, | (210)
Pu = §(pz - Zpy)a
P = 3(Px +ipy),
one can re-write Eq.(208) as
K un—i—l
H— an L= n+1

4(1+90)L(n+1)! [UP ( n+2 v )

+1 vt
(= . 211
+up (u n—i—Z)] (211)

Applying the first-order scheme of coordinate transformation Eq.(162) to
coordinates (u, py, v, py, z,0), one can obtain

_ 14 Ko, _ uit! 4 ot (212)
e T AT )L ) 2 T )
K prtl
=uv |1 iy -1 21
v |V gy (- as) | e
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1 Kanpvlu?vl Kan(“?—i_l - U?—H)
= = | —anPortiUL (g , 214
Pu d{ Hi+0)Ln P 1( T+ o)Lt 1) (214)

n o n+1 n+1
[ KanDuiug v . (1+Ka( ul™ 4 o] ))}7 (215)

1
pv2:E

A1+ 6)Lnt 4(1+6)L(n+1)!

Kan u u?""l n anrl Y un+1 U{H_l
29 = 21— » _ , 9 :
R ARSI R N oz (Wi = 2T
(216)
with
K? )
d=1— an |: 1 2 n+l n+l n+l _ ntl ] .
16(1 + 6)2L2[(n + 1)1 (n+1)*uf o™ + (ul U] )
(217)

Traslating the above transformation back in terms of (z,p,,y,py, 2,6), the
map is

2y =21 — 1—+5Re[cacp1], (218)
Ty = Relc], (219)
Y2 = Im[cml]v (22())
Pz2 = Re[Cpl], (221)
Py2 = _Im[cpl]a (222)
with
Ce = 1+ Y1t, (223)
Cp = Px1 — Dy1l, (224)
c.i=c" ¢, =c"th (225)
K, Im[e,]

= 226
“TALA+ o)+ 1) (226)

Kancx ch - C_z
Cy = — <n+2 ) ’ (227)

AL(1+0)(n+ 1)!
Cp1 = Cp + Cq, (228)

K? (Im[c.]* + Relc.]?)
-1 2_ tan z z 229
d=14a == 6 o me (229)
1 X K,.c 1W

= (1 i 230
=g | s = A (230)
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Note that the above general map for a multipole is aslo valid for the case of
n = 0 (dipole), n = 1 (quadrupole) and n = 2 (sextupole) in the first-order
approximation based on Eq.(162).

Finally, we rotate back the particle coordinates by

X9 = w1 c0o86 + 1y 8in b, (231)
Yo = —x18inf + yy cos b, (232)
Pz2 = Pz1 COS 0 + Py1 sin 87 (233)
Py2 = —Pa1 SINO + pyy cosb. (234)

e Step 5.0: Linear soft-edge focusing at the entrance

The conditions for activating the linear edge focusing map at the entrance are
L >0, FRINGE= 1 or 3, FB1# 0,K0 # 0 (or SK0 # 0). The subroutine to
be called is tblfri defined in source file tmulti.f . First, we define parameters

Az sy = %]Zél (235)
Ay, = KT, (236)
AYpar = 32;(3—012 (237)
Aypy = M;T’fgl, (238)
Az, = S Kggf Bl (239)
AT fay = %[?LNQ (240)

where Fp;=FB1, Kon = Relakr(0)], and SKoy = Im|akr(0)]. The equa-
tions of motion are (in canonical coordinates):

)
To = X1 + rlé.lALL’fm, (241)
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01

Yo =1 — mAyfyv (242)
P22 = Po1 + 7 1+ 51 (Axfy Axfayxg) ) (243)
Py2 =Pyt 7 _yF 5 (Ays — Aytazy3) (244)
1 $% 1 1 2
29 =21 + W(Axfxpxg — Aypypy2) + m ( Az, — A:vfayxz)
+ ﬁ (%Ayfz — iAyfazyg) : (245)

The relevant map e/ with generating function

) x?
f= T 5(szfgcpa7 Ayrypy) — 105 ( Axy, — Axfayx2>
2
Y 1 1
- 146 <§Ayf:r - ZAyfa:pyZ) . (246>

e Step 5: Quad-like fringe map at the entrance with L # 0.
Source codes:
do i=1,np
=(1.d0+g(i))
a=f1/p
ea—exp(a)
b=f2/p
pxt= pX(l)/
pyf=py(i)*e
z(i)=z(i)-(a* ( )+b*(1.d0+.5d0*a)*pxf)*px(i)
+(a*y(i)+b*(1.d0-.5d0%a)*pyf) *py (i)
x(i)—ea*x(i)+b*px(i)
y(i)=y(i)/ea-b*py(i)
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px (i) =pxf
py (i)=pyf
enddo

and the relevant equations:

f1 2
Ty = T1€P/70 + — Py,

p/Po
__f fg
Yo = y1€ P/P0 — Dy,
p/po’

f1

DPz2 = Pzx1€ p/Po s

f1
py2 — pylep/m’

I
2y =21 — <L$1 + k (1 + L) pme—P/’l’O) Pa1
p/po " p/Do 2p/po

f1 J2 < J1 ) fl)
+ Y+ L= == pyprer/» | py,

(p/po " p/po 2p/po) " v
where f; and f5 are defined by

1
fi= —ﬂakk x F1x|F1],

and
f2 = akk * F2,

Bl if SK1=0,
R VLR

with

(247)

(248)

(249)

(250)

(251)

(252)

(253)

(254)

whre it has been assumed that L # 0. If L = 0, SAD defines f; = 0
and fy = 0, indicating that no quad-like linear fringe effect. From the

SAD manual, F'1 and F2 are defined as

F1 = Sign(a)v/]a]

1
a=24 (513 —Il> ,
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and
1

F2:]¢—§ﬁ. (257)
Here I, is calculated from the s-dependent field distribution
1 —00
I, = Kl (Ki(s) — K1) (s — s9)"ds (258)

for normal quadrupole magnet as an example.

e Step 6: Map for the body part.

The body part is splitted into ndiv+1 slices, with the first and last slice
having the length of L/ndiv/2. For each slice, the analytic map is used
for field components up to quadrupole, including longitudinal magnetic field
B.. The maps for higher-order field components are interleaved between the
ndiv+1 slices.

Step 6.1: Analytical map for 0 < s < =-2— by calling subroutine tsolqu

2ndiv
Suppose that L, = ﬁ, the map is furtherly divided into 2ng + 1 steps

with ny = 1+ Int[\/(K1Ls)2 + (B.Ls)?/e]. Here € is a real number with
default value of 0.1. After dividing, the “Kick-Body-Kick” map is constructed
as following with assumption of K; > 0.

If Ky < 0, with replacements of Ky - —K;, B, —» —B,, Ky — —K,
SKo — —SKj, the subroutine will be re-called.

If K; = 0, the subroutine tdrift will be called. That is, the element is
taken as a drift with dipole field allowed. See Section 2.1.3.

The first step is the nonlinear kinematic effect, in canonical coordinates
the equations of motion are

1 1
To = X1 + - - pzlL557 (259>
\/pQ_pg:l_pgl p
1 1
Yo = Y1 + — — | Py1Llss, (260)
\/p2_p;251_p§1 p
2 2
p Pz1 T P
= 1— Ly, 261
Z9 21+ + 2]72 ( )

e A
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with Ly = £= and p =1 + 6;.

2ng

The 2i-th step with i = 1,...,n, is the linear map of a quadrupole with

dipole field:

K 21 .
—0) [cosp — 1] + P2 sin 1,
K, .

Toit1 = To; + (5822‘ +
Lssp

K K, .
22i+1 = Px2i 22 —1)— i T T smy,
Pa2it1 = Pa2i + Paoi(cos) — 1) p(xz + K1> Ip in

SK i .
Yoir1 = Y2i T (y% + 70) [cosh ) — 1] + P2 ginh Y,
1 1
Lssp

SK0> K,

Py2i+1 = Py2i + Py2i(coshyp — 1) +p <y2i + K Top sinh v,
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1

1
29i41 =%2; — AvLgs — 4—])2]?521-[/55 - @p;ziLss

1 K
_ 4—ppx2i(l‘2i + ??)(COS@D — 1)
1 K
4 1 K3
p Lssp
1 K; Ko\ .
~pazicosth — [ = (i + 22 266
X [pp 9i COS 1 Top (xz + K1) smw] (266)
1 K\?> | K
1 (xm + ?(1)) Ls: (¢ — siny)
1 SKy
= g Pu2i(y2i + e )(cosh¢p — 1)
1 0 sinh ¢
1 (y% + e > (coshyp —1) P2
p Lgsp
1 K, Ky\ .
—Py2i cosh i+ — h 267
- [ppyz cos w+ Lssp (y2 * Kl) o ¢] ( )
1 SKo\* | K; ,
- 4 — — sinh 2
+ 1 (y2r|— K ) Lssp(w sinh ) (268)

with ¢ = «/I&—Lajs, p=1+0d1, Av=*= and Ly, = ﬁ—z . Note that the
trick of treating the dipoe field: the dipole field felt by a particle is equivalent
to shifting its transverse orbit to an offset of (S)Ky/K; in a quadrupole
(Question: Is this exact?). When Ky = 0 and SKy = 0, the above maps in
transverse directions reduce to the standard map for a thick-lens quadrupole.
The transformation in z is quite complicated.

For the 2¢ + 1-th step with ¢ = 1,...,ny — 1, the map for the nonlinear
kinematic term is performed:
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1 1
L2412 = X211 + - - pz2i+1L337 (269>

2 _ .2 .2
\/p Proit1 — Py2it1

1
Yoit2 = Y2i+1 T - - Py2it1Lss, (270)
\/ P® — Piois1 — Py2i+1
2 2
Dr2ir1 t Pyoi
Zoi4o = Zoip1 + [ 1 — P 42 +12 5 y2itl L, (271)
\/ p*— p9252i+1 - p§2i+1 P

with Ly = £= and p =1 + 6;.

n

The map for the last (2ns + 1) step is the same as the first step:

1
Long+2 = Long+1 + - - p12n5+1L357 (272>

2 _ 2 2
\/p p12n5+1 py2ns+1

1

Yone+2 = Yono+1 T Dy2n.+1Lss, (273)

2 _ 2 2
\/p px2n3+1 py2ns+1

p n p:252n3+1 + p32,2ns+1

- 2 5 9 B Lssa
\/p2 - px2n3+1 - py2ns+1 P

Zope42 = Zopg41 + | 1

(274)

with L, = 2Ln53 and p =1+ d;.

Step 6.2: Approximation kick for nonlinear multipole components at 0 <
s < KI‘W lumped to position s = =

2ndiv
Step 6.3: Analytical map for ZHEW <s< % by calling subroutine tsolqu
Step 6.4: Approximation kick for nonlinear multipole components at
L <5< % lumped to position s = 3&

ndiv — 2ndiv *
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Step 6.(2*ndiv): Approximation kick for nonlinear multipole components
at L — ﬁ < s < L lumped to position s = L — 2n%£v'

Step 6.(2*ndiv+1): Analytical map for L — = <
subroutine tsolqu

s < L by calling

e Step 7: Quad-like fringe map at the exit, similar as Step 5.
Source codes:
if(mfring .eq. 2 .or. mfring .eq. 3)then
if(f1 .ne. 0.d0 .or. f2 .ne. 0.d0)then
do i=1,np
p—(1.d0-g(i)
a=-fl/p
ea—exp(a)
b= f2/p
pxf=px(i) /ea
pyf=py(i)*ea
z(1)=z(1)-(a*x(1)+b*(1.d0+.5d0*a)*pxf)*px (i) +(a*y(i)+b*(1.d0-.5d0*a)*pyf) *py(i)
x(i)=ea*x(i)+b*px(i)
y(i)=y(i)/ea-b*py(i)
px(i)=pxf
py(1)=pyf
enddo
endif
endif

and the relevant equations:

s
Ty = 16 7m0 + me, (275)
p/po
L fo
Y = Y1€P/P0 — ——py1, 276
2 p/pe " (276)
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_f1

z2 = Pg1€P/PO

Da2 = Pa1€?/70, (277)
1

py2 — pyle_p/z?o, (278)
1 Jo ( 1 ) fl)
=2z — | — r1 + 1-— Pz1€P/P0 | Py
S ( p/pe " /Do 2/po) !
fi fo ( fi ) —fl)
+———un+ 1+ pye 7| pyr. 279
( p/po " /o 2/po) " v (279)

Here f; and f, are the same as those defined in Step 5.
e Step 7.2: Linear soft-edge focusing at the entrance, similar as Step 5.0

The conditions for activating the linear edge focusing map at the exit are
L > 0, FRINGE= 2 or 3, FB2# 0,K0 # 0 (or SK0 # 0). The subroutine
to be called is tbifri defined in source file tmulti.f . The equations of motion
are almost the same as those defined in Step 5.0, but replacing (Ko, SKon)
and FB1 by (= Koy, —SKon) and FB2, respectively.

First, we define parameters

Azg, = —K(;Z ?1, (280)
Ayjs = % (281)
Ajes = (282)

Aygy = — SKZOjf b, (283)

Azp, = 5 [;ijj;fm’ (284)
A fay = ;?gg[ﬁ (285)

where Fp1=FBI1, Koy = Relakr(0)}], and SKon = Im|akr(0)}|. The

equations of motion are (in canonical coordinates):
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)
Ty =1 + — Az, (286)

1+
PP N (287)
Y2 =41 1+ 0, Yty
T2
D2 = Pa1 + 140, (Awfy — Aa:fayxi) ; (288)
Y2
P =Pt s (Aysz — Ayrazy3) (289)

1 x3 1 1
- e (ATfupes — A — 2 ZAzsy — —Ax ey 12
B =a+ (1 —I—51)2( L fzPz2 YryPy2) + (1+01)2 (2 iy = 32 ny)

SRR NS SN (290)
<1+51)2 2 yf$ 4 yfany .

e Step 8: Map for nonlinear Maxwellian fringe field at the exit, similar
as Step 4.
Source codes:
if(fringe .and. mfring .ne. 1 .and. al .gt. 0.d0)then
do n=nmmax,0,-1
if(dofr(n))then
call ttfrins(np,x,px,y,py,z,g,n*2+2 -akr(n),al,bzs)
endif
enddo
endif

e Step 9: Rotation of particle coordinates at the exit, inverse of Step 2.
If 6, # 0, then do the following transformations:
Source codes:
x0=x(i)
x(i)=cost*x0+sint*y(i)
y(i)=-sint*x0-+cost*y(i)
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px0=px(i)
px(i)=cost*px0+sint*py (i)
py (i) =-sint*px0+cost*py (i)

and the relevant equations:

Ty = x1 cos(fy) + yp sin(6y), (291)
Y2 = —x1 sin(fz) + y1 cos(6), (292)
P2 = Pa1 €08(62) + py1 sin(bs), (293)
Py2 = —Da15I0(03) + py1 cos(fz). (294)
e Step 10: Map for solenoid fringe at the exit, similar as Step 1.
Source codes:
pr=(1.d0+g(i))
px(i)=px(i)-fx/pr
py (1)=py (i)-fy/pr
x(i)=x(1)+dx
y(1)=y(i)+dy
and relevant equations:
To = 11 + dx, (295)
Yo = y1 +dy, (296)
o2 = b = 5o Bl (207)
1
Py2 = Dy1 + mBzdm, (298)

with B, =bz, dr =dx=DX, and dy =dy=DY. Note that dx =0 for all
MULT elements in SuperKEKB lattices.

Remained questions:

1) Since QC* and EC* overlap with each other, why both QC* and EC*
have finite lengths?

2) Are the DX, DY, DZ, CHI1, CHI2, and CHI3 defined in SOL elements
transferred to succeeding elements?

3) Is the definition of akk correct?
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3 Maps for emittance calculation

3.1 General definitions

In emittance calculation, SAD uses canonical coordinates (x,py,y,py, 2,0)
with p, = P,/ Py, py = P,/ Py, and 6 = (P—F,) /P, with Py = MOMENTUM=
v_O0m_Ov_0.

The closed orbit at the entrance of an element is (Az, Ap,, Ay, Ap,, Az, AJ).

The reference particle has pg = nfgc.

3.2 Map for DRIFT

The map is defined in file tdrife.f. The parameters of a DRIFT element
include L, B,, Ky, and SK,. Suppose the 6 x 6 transfer matrix is M.

Case of L =0: If L =0, the transformation only acts on the closed orbit:

Apys = Apy1 — Ko, Apye = Apy1 — SKo. (299)

Case of L #0,B, =0,Ky,=0,5K; =0: The transfer matrix is

I mia 0 mig 0 mys
O 1 0 0 0 0
. 0 m3y 1 mgs 0 mgg
M = O 0 O 1 0 0 ’ (300)
0 msa 0 msy 1 mse
0O 0 0 0 0 1
where
L ApilL
Mz = 75 T 3/2°
[(1 + A6y )2 — Ap?, — AP§1] [(1 + A6 )? — Ap?, — Apzl}
(301)
Apa1Ap, L
mig = M3g = P 2P 372 (302)
{(1 + Ad1)? — ApZ) — Ap?,l]
Apy(1+ Ady)L
Mg = msz = — Pull + A01) (303)

[(1 + Ady)? — ApZ) — AP;JS/Q’
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L Ap2, L

M3q = + ’
(14 A6)2 — A2y — A ] [+ A2 — Ap2, — Ap,]*?
(304)
M3 = M4 — — Apyl(l * A(Sl)L (305>
[(1 + A0y )? — Apzy — APZJ:}/z
Ap?, + Ap?,) L L+/1 2
Mg = ( D1 pyl) + +p0 (306)

[(1+A0)2 — Ap2y — Ap2 ™ [+ p3(L + A6

If there is no closed orbit distortion at the entrance of the element, e.g.
(Azy, Apgr, Ayr, Apyr, Az, Ady) = (0,0,0,0,0,0), the transfer matrix Eq.(300)
is reduced to

1L 00 0 0
01 000 O
001 L0 O
M=1o00010 o0 (307)
L
00 00 1 fEws
00000 1
Finally, the closed orbit is updated by
Apa L
Al‘g = AZEl + Pat 1/2° (308>
[(1 + A51)2 - Apil - APZQ,J
Ap, L
Ayy = Ay + Bal” — (309)
[(1 + A51)2 — Api — Apyl}
14+ A 1+ Ady)\/1+ p?
Azy=Az—L 2% _ U+ AWy Ep | (310)

¢(1 +AG)? = Ap2 —Ap2 V114 A6

3.3 Map for MULT

The map for MULT element is defined in file tmulte.f. The input parameters
include L, K,.,, B., ANGLE, FB1, FB2, ... .
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Map for linear edge focusing at the entrance: The flags DISFRIN and
FRINGE are used to switch on or off the fringe effects of a magnet. When
FRINGE=1 or 3, and K0#0 (or SK0+£0), the linear edge focusing map will be
activated by calling subroutine tbfrme. SAD defines a parameter Fg;=FB1
to describe the linear fringe length for the KO component at the entrance.
Assume that L # 0, and suppose that the closed orbit at the entrance of
the MULT element is (Azy, Apg1, Ayr, Apyr, Az, Ady), we first define some
parameters:

Azy, [Z’fl, (311)

Yse = I;iifl, (312)
AYjar = % (313)
Ay, = 5[2(2—?%1, (314)
Azp, = 52135317 (315)
A jay = % (316)

If Axyp, # 0 or Ayy, # 0, the soft edge fringe field is assumed. First, the
following transformations are performed on COD and transfer matrix:

Apgo = A sl Az, — A A —A 2
pac? pxl _I_ 1+A(51 ( $fy xf“?/( I + 1+A51 xfx) )7
(317)
(Ayl - 1A215 Ayfy) A(Sl
Ap, = A sl Aysr — A Axry — 2
Dy2 Py1 + 1—|—A51 Yt yfa:v( Z1 1—{—A51 yfy) s
(318)
Ady
Axy = A —A 1
T x + 15 Ad, Tfg, (319)
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Ady

Ay = Ay — A
Y2 Y1 1+ Ao, Yty
1
Azy =Nz + m[APmAwm — ApyAyy,
A A a A T A ax
+ T3S ST N2y pyR(=He 2
2 4 2
1 0 0 0 0 Mg
mo1 1 0 0 0 Mae
B 0 0 1 0 0 msg
Ml o 0 0 43 1 0 Mye
Ms1 Msz Ms3 Mss 1 Mg
0 0 0 0 0 1
with
1
= Axy,,
16 (1—|—A(51)2 {L‘f
1
Moy 1T Ad (Amfy 3A$fyAx§),
Axsy 3Ax
A AT oy A2
Moe (1 —|—A51)2 ( $fy xf Y 332) 1_'_A51
1 A
Mg = —————
BT Tt Ag )Y
1
Ay — 3Ay . AY2)
43 1—|—A(51( Yy Yy yz)
Ay
=—— (A x_A aa:A 5 s
Mye (1+ A6))? ( Y Yy 92)
Mms1 = —Maog + Ma1M16,
Mmso = Mig,
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(320)

(321)

(322)

(323)

(324)

(325)

(326)

(327)

(328)

(329)

(330)



M5z = —Mye + My3M3e, (331)

M54 = M36, (332)
1
mse :m{Al’fxm% — Ayfym46 + (AyfmAyQ - AyfaxAyg)Ay2m36
2
+ (Az Ay — AT 1, A3 ) Agmgg] — [T AS (Azp — Az).  (333)

If FB1=0, the above transformations are not necessarily to be performed.
But due to the Maxwellian condition of magnetic field at the edge, there still
is fringe effect. The transfer map due to so-called Maxwellian edge effect in
hard-edge model is described by

mi1 0 mi3 0 0 Mg
Mo1 Moy Moz Moy 0 Mg
My [ O 000 (334
Mar Mg Mag Mag 0 Mmyg |’
Ms1 Msz Ms3 Msg 1 Mg
0 0 0 0O 0 1
with
KO0 x SKO0
=1 SKOA KOA 335
M= U T A (R 5 sk L R 0AT + KOAR), - (335)
K0?
3 = SKOA KOA 336
™3 = T AG) (K0 + SKOL v+ KO0Ay),  (336)
KO
=— SKO0A KO0Ay,)? 337
M6 = S AR (K0T 1 SR0TL R 0ATz +H KOAR)T - (337)
SK0?
= — KO0Ap,, — SKOA , 338
Moy (1+A52)(K02+SK02)L( Pa2 Py2) (338)
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K0 x SKO
—1- SKOAzy + K0Ay,), 339
M2 =1 = A (R0 + SKOP)L 72 + KOAy:) (339)

K0 x SKO

M8 = AL (K02 + SK07) L R 0A a2 = SKOAD,). (340)

= A (5;;81 S (SK0A + K0d). (341)

Mag = i A@)%ig)g n SKOQ)L(KOprg—SKOApr)(SKOAmz—i—KOAyQ),
(342)

mgy = — iz Aég)(ig)gi SKOQ)L(SKOsz + K0Ay,), (343)

K0 x SKO
—1- KO0Azy + K0Ays), 344
My =1 = G AG (07 + SKo7)L T 0AT: + KOAY) (344)

SKO

= SKOA KO0Ay,)?, 345

M5 = S A A(KOE + SKO7L T 0AT + KOAY) (345)
KO x SKO

—_ KO0Ap,s — SKOAp,»), 346
"= T AL (K0 + SR KO py2) (346)

_ KO* (SKO0As + K0Ay,) (347)
T2 T T NG (K02 + SKO?)L 2 Y2);

_ Ko® (KOApys — SK0Ap,) (348)
Mag = (14 A&) (K02 + SK0?)L P2 Py2),
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KO0 x SKO0

- KO0A KO0A 349
e 1+(1+A(52)(K02+SK02)L(S 0Azy + K0Ays), (349)
KO0
= KO0Apa—SKOAp,,)(SKO0AZy+K0Ay,),
M6 = T AG,E(KOR  SKORL L AP P2) (SKOAT;+ K0Ay,)
(350)
SKO
T KO0Apy—SKO0Ap,s) (SK0Azy+K0Ay,),
e (1+A52)2(K02+SK02)L< 0Aps2—SKO0Apy,)( To+ Ya2)
(351)
KO0
- KO0A K0Ays,)? 352
M5 = o AL (K0P + Skor)L Ol 0ATe T R0AR) - (352)
K0
=- K0Ap,a—SKO0Ap,)(SKOAzy+K0Ay,),
155 = T AG)R(K O + SKOL AP p2) (SKOAT+ K0Ay,)
(353)
SKO
= KO0A KO0Ay,)? 354
ot 2(1+A52)2(K02—|—SK02)L(S 0Azy + Y2)”, (354)
1
= K0Apyo—SKOApy)(SKOAzy+K0Ay,)>.
5 = (T3 Ag (K0P + SKOP)L 1 0APe2 =S K0Ap2)( T2+ K0AY,)
(355)

The transfermations on COD are:

K0
= K0Axy + KOAy,)?, (356
Avy = Ats 4 S R S Tor + SR L W0AT2 + KOA)", - (356)
Aprs = Apra— SKO (KOApas—SKOAp,»)(SK0AZs+K0Ay)
D23 = APx2 (1+ A) (K02 + SKO02)L Da2 Dy2 2 Y2),
(357)
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SKO

_ o 2
Ays = Ay 2(1 + Ady) (K02 + SKOz)L(SKOA@ + K0Ay,)?,  (358)
Apys = Apyo— KO (KOApsa—SKOAp,)(SKOAZs+K0Ay,)
py3 - py2 (1 + A(52>(K02 + SK02>L px2 py2 2 y2 I
(359)

1
(14 Ad2)?(K0% 4+ SK0?)

AZg = A22_2
(360)

Map for linear edge focusing at the exit: The map for the linear edge
focusing at the exit is very similar to that at the etrance. The conditions for
activating this map are L # 0, FRINGE=2 or 3, and K0 0 (or SK0+# 0).
The same subroutine tbfrmewill be called, but replacing (K0, SK0) and FB1
by (—=K0,—-SKO0) and FB2, respectively. Here FB2 is the linear fringe length
at the exit. Another difference from the map at the entrance is that: the
order of maps for the soft and hard edge fringe are exchanged. That is, at
the exit, the map for hard-edge fringe effect will be performed first.

References

[1] M. Fjellstrom, LTU-EX-2013-76674531, Master’s thesis, 2013.

[2] BB William, and S.L. Montague, in CERN Yellow Report CERN-95-06,
P. 1-14, 1993.

[3] Y. Cai and Y. Nosochkov, SLAC-PUB-11181.
[4] E. Forest and J. Milutinovic, Nucl.Instrum.Meth. A269 (1988) 474.
5] A. K. Jain, CERN-98-05, p. 1-26.

50



